2nd Homework sheet Model Theory

e Deadline: 7 March 2016.

e Submit your solutions by handing them to the lecturer at the beginning of the lecture at
14:00.

e Good luck!

Exercise 1 Consider a first-order language in a signature consisting of a finite set
™= {Pl,...,Pn}

of unary predicate symbols. The aim of this exercise is to use game-theoretic means to prove
that every sentence in this language can be rewritten to a certain normal form.

Subsets of 7 will be called colours, and for such a colour ¢ C 7 and a variable x we define

Oo(r) 1= /\Px/\ /\ -Pz

Peo Perm\o

and for a sequence z of variables (with z =z - - - zy), we set

diff () : = /\ x; # ).

1<i<j<k

Given two sequence ¢ = 01,...,0% and T = 7y, ..., Ty of colours, we define the formula
Xs,7 1= 3@ T (dzﬁ(f) A /\ Ooi(z;) AVz(diff (T, 2) — \/@Tj(z)))
i J
We call a first-order sentence special if it is of the form x5 7 for some &, 7.

(a) For each k € N define an equivalence relation between structures by putting A ~j B if
for each colour o either |[04| = [0B| < k or |04|,|0B| > k. Here |0| denotes the size of
o in A, i.e., the number of elements a in A such that A = ©o(a).

Prove that A ~; B implies that A =, B.

(b) Show that every first-order sentence in this signature is equivalent to a disjunction of
special formulas.



